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We develop a transfer matrix formalism for four-flux radiative transfer models, which is ideally
suited for studying transport through multiple scattering layers. The model, derived for spheri-
cal particles within the diffusion approximation, predicts the specular and diffuse reflection and
transmission of multilayer composite films for diffuse or collimated incidence. The model shows
remarkable agreement with numerical Monte Carlo simulations for a range of absorption and film
thicknesses, as well as for an example multilayer slab.
INTRODUCTION
Modeling light propagation and scattering in multi-
layer media is relevant to a variety of applications, in-
cluding atmospheric science [1–5] and astronomy [6–8],
remote sensing [9–12], and biomedical optics [13–16]. For
example, clouds and aerosols in the Earth’s atmosphere
[4, 5], and the photosphere and chromosphere in the so-
lar atmosphere [8], can be modeled as multiple plane-
parallel layers to study the impact of radiative transfer
on climate and temperature variations. In remote sens-
ing, plane-parallel radiative transfer models are used to
correct for atmospheric scattering to improve image clar-
ity [11, 12], while in biomedical optics, layered models of
blood [15] and tissue [16] can be used to improve imag-
ing techniques such as diffuse optical tomography used
in neuroscience and cancer detection [17, 18].
Several methods have been developed to solve the ra-
diative transfer equation for the plane-parallel geome-
try. A common approach is to use Monte Carlo or ray-
tracing simulations [14, 19], in which the photon trajec-
tory is modeled as a random walk with a step length
and direction determined probabilistically by the mean
free path and phase function, respectively. However,
Monte Carlo methods are computationally expensive and
time consuming, particularly for strongly scattering me-
dia. On the other hand, analytical models decompose
the scattered light into a finite number of fluxes. The
simplest model is the two-flux Kubelka-Munk model
[20, 21], which decomposes the flux into two isotropic
diffuse fluxes propagating in the forward and backward
directions perpendicular to the slab. The Kubelka-Munk
model has found widespread use in paint design [22], radi-
ation barriers [23], and computer graphics [24]. However,
because it assumes diffuse incident light, it cannot pre-
dict specular reflectance and is only accurate for thick
films [21], much thicker than the mean free path.
Alternatively, four-flux models decompose the total
flux into collimated and diffuse components traveling in
the forward and backward directions [25–28]. In prin-
ciple, four-flux models are more accurate for thin films
in which there is a substantial unscattered component.
Four-flux models have been applied recently to design
thermal barrier coatings [29], x-ray shielding [30], dental
composites [31], and nanotechnology for energy applica-
tions [32]. However, a major drawback of the current
formalism is that it cannot be easily extended to multi-
ple layers [33]. The reason for this can be traced to the
way the interface reflections are included. In general, the
solution to the four-flux model contains four integration
constants, which are determined by imposing boundary
conditions on the flux values at the interfaces of the slab
[25]. While this process is straightforward for a single
layer, each additional layer adds four integration con-
stants, and so the complexity increases rapidly with the
number of layers.
In this article, we resolve this issue by developing a
transfer matrix formalism for the four-flux model. We
derive closed-form analytical expressions for the 4 × 4
transfer matrices of both the film and interfaces. Mul-
tiplication of these matrices results in a total transfer
matrix, from which the diffuse and specular reflection
and transmission can be calculated. Our model is de-
rived within the diffusion approximation, which assumes
the diffuse flux is nearly isotropic [14, 34], and for spheri-
cal particles, though the formalism is applicable to other
particle shapes. The model shows remarkable agreement
with Monte Carlo simulations for a range of absorption
values and film thicknesses, as well as for an example
multilayer slab. The closed-form and accuracy of the
model suggest it can be an efficient and reliable tool for
studying radiative transfer for a variety of applications.
FOUR-FLUX MODEL
In the four-flux model, the total flux in the film is de-
composed into four fluxes: two collimated or specular
fluxes traveling perpendicular to the slab in the forward
and backward directions, F+c (z) and F
−
c (z), and two dif-
fuse fluxes traveling in the forward and backward direc-
tions, F+d (z) and F
−
d (z) [25]. The collimated fluxes decay
due to absorption and scattering as [25–27]
dF+c
dz
= −(k + Sf + Sb)F+c , (1)
dF−c
dz
= (k + Sf + Sb)F
−
c , (2)
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2where k is the absorption coefficient and Sf and Sb are
the scattering coefficients into the forward and backward
hemispheres, respectively. The diffuse fluxes obey the
following equations [25–27]:
dF+d
dz
= −(K + S)F+d + SF−d + SfF+c + SbF−c , (3)
dF−d
dz
= (K + S)F−d − SF+d − SfF−c − SbF+c , (4)
where K and S are the absorption and scattering coeffi-
cients for the diffuse fluxes. The forward traveling diffuse
flux decays due to absorption and scattering, and grows
due to scattering of the backward traveling diffuse flux,
forward scattering of the forward traveling collimated
flux, and backscattering of the backward traveling col-
limated flux. The same process applies to the backward
traveling diffuse flux. The solutions to Eqs. (1)-(4) are
[25, 26]
F+c (z) = C1e
−λz, F−c (z) = C4e
λz (5)
F+d (z) = C1A1e
−λz + C2e−αz + C3eαz + C4A4eλz (6)
F−d (z) = C1B1e
λz+C2A2e
−αz+C3A3eαz+C4B4eλz (7)
where C1, C2, C3, and C4 are integration constants de-
termined by the boundary conditions and
A1 = B4 =
SSb + Sf (K + S + λ)
α2 − λ2 ,
A2 = A
−1
3 =
K + 2S − α
K + 2S + α
,
A4 = B1 =
SSf + Sb(K + S − λ)
α2 − λ2 ,
λ = k + Sf + Sb, α = [k(K + 2S)]
1/2.
The forward and backward scattering coefficients for the
collimated flux are related to the total scattering cross
section σs and the scattering cross section into the for-
ward hemisphere σf by [35, 36]
Sf = σfN, Sb = (σs − σf )N,
where N is the particle density. Note that the total scat-
tering coefficient is Sf + Sb = σsN . The absorption co-
efficient for the collimated flux is given by
k = (σe − σs)N,
where σe is the extinction coefficient. The scattering and
absorption coefficients for the diffuse flux S and K in
general depend on the angular distribution of the flux.
We assume the Eddington or diffusion approximation [14,
34], in which the diffuse flux is written as an isotropic
term with an anisotropic cosine-dependent perturbation.
In the diffusion approximation [34, 37]
S =
3
4
(1− g)(Sf + Sb)− 1
4
k, K = 2k.
TRANSFER MATRIX
First, we derive the transfer matrix for the film. To
do so, it is necessary to write the flux values at the back
interface (z = d) in terms of the flux values at the front
interface (z = 0). This procedure involves evaluating
the fluxes in Eqs. (5)-(7) at z = 0, solving for C1, C2,
C3, and C4 and substituting these values into the fluxes
evaluated at z = d. This results in the following transfer
matrix equation:
F+c (d)
F−c (d)
F+d (d)
F−d (d)
 =

Mf,11 Mf,12 Mf,13 Mf,14
Mf,21 Mf,22 Mf,23 Mf,24
Mf,31 Mf,32 Mf,33 Mf,34
Mf,41 Mf,42 Mf,43 Mf,44


F+c (0)
F−c (0)
F+d (0)
F−d (0)
 ,
(8)
where the transfer matrix elements are given by
Mf,11 = e
−λd, Mf,12 = 0, Mf,13 = 0, Mf,14 = 0,
Mf,21 = 0, Mf,22 = e
λd, Mf,23 = 0, Mf,24 = 0,
Mf,31 = A1e
−λd +
A1(A2e
αd −A3e−αd)− 2B1 sinh(αd)
A3 −A2 ,
Mf,32 = A4e
λd +
A4(A2e
αd −A3e−αd)− 2B4 sinh(αd)
A3 −A2 ,
Mf,33 =
A3e
−αd −A2eαd
A3 −A2 , Mf,34 =
2 sinh(αd)
A3 −A2 ,
Mf,41 = B1e
−λd +
2A1 sinh(αd) +B1(A2e
−αd −A3eαd)
A3 −A2 ,
Mf,42 = B4e
λd+
A3e
αd(A2A4 −B4)−A2e−αd(A3A4 −B4)
A3 −A2 ,
Mf,43 = −2 sinh(αd)
A3 −A2 , Mf,44 =
A3e
αd −A2e−αd
A3 −A2 .
The transfer matrix for the entry and exit interfaces is
obtained from the known values of the scattering matrix,
which relates the outgoing fluxes to the incoming fluxes.
Assuming the diffuse fluxes do not reflect or transmit
into specular fluxes, and vice versa, the scattering matrix
equation for the interfaces is
F−c (0)
F+c (d)
F−d (0)
F+d (d)
 =

Rs Ts 0 0
Ts Rs 0 0
0 0 R+d T
−
d
0 0 T+d R
−
d


F+c (0)
F−c (d)
F+d (0)
F−d (d)

where Ts and Rs are the specular Fresnel transmission
and reflection coefficients for normal incidence and T+−d
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FIG. 1. Comparison of the specular and diffuse transmission and reflection calculated using the four-flux model (lines) and
Monte Carlo simulations (dots) for a 100-µm thick slab with a matrix index of 1.5 and 30% loading of 500-nm particles with a
real refractive index of 2.5 and imaginary refractive index of zero [(a),(b)], 10−3 [(c),(d)], and 10−2 [(e),(f)].
and R+−d are the transmission and reflection coefficients
for the diffuse flux, where + and − denote incidence from
z = 0 and z = d, respectively. In the diffusion approxi-
mation, these coefficients are given by [14, 38]
R+−d =
R+−φ +R
+−
J
2−R+−φ +R+−J
, T+−d = 1−R+−d ,
where
R+−φ = 2
∫ pi/2
0
dθ sin(θ) cos(θ)R+−(θ),
R+−J = 3
∫ pi/2
0
dθ sin(θ) cos2(θ)R+−(θ),
where R+−(θ) is the polarization-averaged angular de-
pendent Fresnel reflectivity [14, 38]. Using the S to M
matrix conversion procedure described in the appendix,
the interface transfer matrix elements are
Mi,11 =
T 2s −R2s
Ts
, Mi,12 =
Rs
Ts
, Mi,13 = Mi,14 = 0,
Mi,21 = −Rs
Ts
, Mi,22 =
1
Ts
, Mi,23 = Mi,24 = 0,
Mi,31 = Mi,32 = 0, Mi,33 =
T+d T
−
d −R+d R−d
T−d
, Mi,34 =
R−d
T−d
,
Mi,41 = Mi,42 = 0, Mi,43 = −R
+
d
T−d
, Mi,44 =
1
T−d
.
The primary advantage of the transfer matrix formalism
is the ability to obtain an overall transfer matrix for a
multilayer slab by multiplying the transfer matrices of
the individual layers and interfaces Mj as
M =
1∏
j=N
Mj .
For example, the overall transfer matrix of a single film
with two similar interfaces is given by MiMfMi. The
diffuse and specular reflection and transmission are then
calculated using the M to S matrix conversion procedure
described in the appendix.
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FIG. 2. Comparison of the specular and diffuse transmission and reflection calculated using the four-flux model (lines) and
Monte Carlo simulations (dots) for a slab with a matrix index of 1.5 and 30% loading of 500-nm particles with a real refractive
index of 2.5 and slab thicknesses of 10 µm [(a),(b)] and 1 µm [(c),(d)].
MONTE CARLO VALIDATION
To validate the four-flux transfer matrix model, we per-
formed Monte Carlo simulations using the commercial
raytracing software LightTools by Optical Research As-
sociates. All simulations trace 60,000 rays with a relative
ray power threshold of 10−5 and employ a probabilistic
ray split at the interfaces. The first case we considered is
intended to evaluate the accuracy of the four-flux model
for different amounts of absorption in the particles. Fig-
ure 1 shows the calculated specular and diffuse transmis-
sion and reflection for a 100-µm thick slab with a matrix
index of 1.5 and 30% loading of 500-nm particles with
a real refractive index of 2.5 and different values of the
imaginary refractive index.
In the case of zero absorption, shown in Fig. 1(a) and
(b), there is remarkable agreement between the models.
As the absorption increases, shown in Fig. 1 (c)-(f), the
agreement remains excellent but decreases slightly, the
most notable difference being the slightly larger diffuse
reflection predicted by the four-flux model. The likely
reason for this can be traced to the assumed angular
distribution of the diffuse flux in the four-flux model.
The four-flux model assumes the diffuse flux is nearly
isotropic, and thus generally more diffuse than the ac-
tual flux. As a result, the average penetration depth is
shallower in the four-flux model, leading to less absorp-
tion and more diffuse reflection.
Next, we consider the accuracy of the model for differ-
ent film thicknesses, assuming no absorption. In general,
we expect the four-flux model to be more accurate for
thicker films, as the assumption of nearly isotropic dif-
fuse flux is valid. Figure 2 shows the calculated specular
and diffuse transmission and reflection for the compos-
ite in Fig. 1 for slab thicknesses of 10 µm [(a),(b)] and
1 µm [(c),(d)]. Overall, we find excellent agreement be-
tween the four-flux model and the Monte Carlo simula-
tions, though, as expected, the accuracy of the four-flux
model decreases as the film thickness decreases. In par-
ticular, in the strong Mie scattering region around 1 µm
the four-flux model predicts higher diffuse reflection and
lower diffuse transmission. This can be explained by the
directionality of the scattering in the Mie region. When
the scattering is directional and the film is thin compared
to the mean free path, the scattered flux will be nearly
collimated, which contradicts the assumption of nearly
isotropic diffuse flux in the four-flux model.
Finally, to illustrate the functionality of the transfer
matrix formalism, we considered a two-layer composite
consisting of two 50-µm slabs with 30% loading of parti-
cles with an index of 2.5. The matrix indices and particle
sizes in the first and second layers are 1.5 and 2 and 500
nm and 1000 nm, respectively. Figure 3 shows a compar-
ison of the four-flux model to the Monte Carlo simulation
for the multilayer film. Again we find excellent agreement
between the two models, though the four-flux model pre-
dicts slightly higher diffusion reflection and lower diffuse
transmission for wavelengths between 4 and 8 µm, which
can again be explained by the assumption of a nearly
isotropic diffuse flux in the four-flux model.
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FIG. 3. Comparison of the specular and diffuse transmission
and reflection calculated using the four-flux model (lines) and
Monte Carlo simulations (dots) for a two-layer slab. Both
layers are 50-µm thick and have 30% loading of particles with
a refractive index of 2.5. The matrix indices and particle sizes
in the first and second layers are 1.5 and 2 and 500 nm and
1000 nm, respectively.
SUMMARY
We have developed a closed-form transfer matrix for-
malism for the four-flux theory of radiative transfer,
which is ideally suited for studying multilayered turbid
media. The model provides expressions for both the
transfer matrix of the inhomogeneous film as well as the
interfaces. The model has been derived within the dif-
fusion limit, which approximates the scattered flux as
nearly isotropic, and for spherical particles, though the
formalism is generally applicable to other shapes pro-
vided that the scattering parameters can be calculated.
The model shows remarkable agreement with numerical
Monte Carlo simulations for a wide range of absorption
values and film thicknesses, as well as for an example
multilayer slab. The closed form and accuracy of the
model suggest it can be an efficient and reliable tool for
studying radiative transfer for a variety of applications.
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APPENDIX
Conversion between S and M matrix
In this section, we provide the procedure to convert
from the M matrix to the S matrix, whose elements cor-
respond to the reflection and transmission coefficients.
By definition, the S matrix relates the outgoing fluxes to
the incoming fluxes as
F−c (0)
F+c (d)
F−d (0)
F+d (d)
 =

S11 S12 S13 S14
S21 S22 S23 S24
S31 S32 S33 S34
S41 S42 S43 S44


F+c (0)
F−c (d)
F+d (0)
F−d (d)
 . (9)
To obtain the S matrix elements in terms of the M ma-
trix elements, Eq. (8) is solved for the outgoing fluxes
as a function of the incoming fluxes. The S matrix ele-
ments are then obtained by equating the coefficients of
the incoming fluxes those in Eq. (9). We demonstrate
this procedure by calculating the collimated and diffuse
transmission and reflection coefficients for collimated in-
cidence. These expressions are considerably simplified
when calculated for light incident from the z = d side of
the slab, in which case
Tcc = S12 =
M44
M22M44 −M24M42 ,
Rcc = S22 =
M12M44
M22M44 −M24M42 ,
Tcd = S32 =
−M42
M22M44 −M24M42 ,
Rcd = S42 =
M32M44 −M34M42
M22M44 − T24M42 ,
where, for example, Tcd corresponds to diffuse transmis-
sion for collimated incidence. A similar procedure can be
followed to convert the S matrix elements to M matrix
elements. In this case, Eq. (9) is solved to obtain ex-
pressions for the fluxes at z = d as a function of the S
parameters, which can be compared to Eq. (8) to deter-
mine the M matrix elements.
Mie Scattering parameters
Mie theory provides an exact solution for the scattering
parameters of spherical particles in terms of the multipole
Mie scattering coefficients [39]
an =
npψ
′
n(kma)ψn(kpa)− nmψn(kma)ψ′n(kpa)
npξ′n(kma)ψn(kpa)− nmξn(kma)ψ′n(kpa)
,
6bn =
nmψ
′
n(kma)ψn(kpa)− npψn(kma)ψ′n(kpa)
nmξ′n(kma)ψn(kpa)− npξn(kma)ψ′n(kpa)
,
where np and nm, respectively, are the refractive index
of the particle and matrix, km,p = nm,p2pi/λ, ψn(x) =
xjn(x) and χn(x) = −xyn(x) are the Riccati-Bessel func-
tions where jn(x) and yn(x) are the spherical Bessel func-
tions, and ξn(x) = ψn(x) − iχn(x). The primes denote
differentiation with respect to the argument. The scat-
tering cross section is given by
σs =
2pi
k21
∞∑
n=1
(2n+ 1)(|an|2 + |bn|2), (10)
and the extinction cross section by
σe =
2pi
k21
∞∑
n=1
(2n+ 1)Re(an + bn). (11)
The anisotropy parameter, which measures the average
cosine of the scattering angle, is given by [14]
g =
4pi
k21
∞∑
n=1
n(n+ 2)
n+ 1
[
Re(ana
∗
n+1 + bnb
∗
n+1)
+
2n+ 1
n(n+ 1)
Re(anb
∗
n)
]
. (12)
Finally, the scattering cross section for light into the for-
ward hemisphere is given by [35, 36]
σf =
1
2
σs−2pi
k21
∞∑
m′′=2
∞∑
n′=1
pnmRe(ama
∗
n + bmb
∗
n)
−2pi
k21
∞∑
m′=1
∞∑
n′=1
qmnRe(amb
∗
n), (13)
where the prime and double prime, respectively, denote
odd and even integers, and
pnm = (−1)(m+n−1)/2 (2m+ 1)(2n+ 1)(m− 1)!!n!!
(m− n)(m+ n+ 1)m!!(n− 1)!! ,
qnm = (−1)(m+n)/2 (2m+ 1)(2n+ 1)m!!n!!
m(m+ 1)n(n+ 1)(m− 1)!!(n− 1)!! .
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